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Abstract 

We compare the logarithm of the degeneracy of BPS saturated elementary string states 
and the string modified Bekenstein-Hawking entropy of the corresponding black holes in 
N=2 supersymmetric heterotic string compactification to four dimensions. As in the case 
of N=4 supersymmetric theory, the two results match up to an overall undetermined 
numerical factor. We also show that this undetermined numerical constant is identical in 
the N=2 and N=4 supersymmetric theories, therby showing that the agreement between 
the Bekenstein-Hawking entropy and the microscopic entropy for N=2 theories does not 
require any new identity, other than the one already required for the N=4 theory. A 
similar result holds for type II string compactification as well. 
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1 Introduction 



The idea of relating black holes to elementary string states is quite old[|], |], |J. One par- 
ticularly fascinating similarity between black holes and the elementary string states is the 
large amount of degeneracy of states of each of them. For black holes the existence of this 
large degeneracy is deduced indirectly from the large Bekenstein-Hawking entropy carried 
by a macroscopic black hole. On the other hand, for elementary string states, this large 
degeneracy is a consequence of the Hagedorn spectrum of states in string theory. Despite 
this qualitative similarity, the naive attempt to compare the entropy of a Schwarzschild 
black hole to the logarithm of the degeneracy of elementary string states runs into diffi- 
culty due to the fact that the former is proportional to the square of the mass of the black 
hole, whereas the later is proportional to the mass of the elementary string states. It was 
suggested in that this discrepancy is due to the large mass renormalization suffered 
by the state due to quantum corrections. This idea was further developed in || 0,0, |J. 
Other attempts at providing a microscopic explanation of the entropy of a Schwarzschild 
black hole have been made in |9|, [TCfl . 

In supersymmetric string theories, there are a class of states, known as BPS states, 
which do not suffer any mass renormalization, and hence can avoid the difficulty men- 
tioned above UlTj . This feature was exploited in Jl2| to compare the entropy of extremal 
electrically charged BPS black holes in heterotic string theory compactified on T 6 with 
the logarithm of the degeneracy of elementary string states carrying the same charge. 
In this case, however, the difficulty arises from that fact that the extremal electrically 
charged black hole has vanishing area of the event horizon, and is singular at the hori- 
zon. This leads to an apparent contradiction since the microscopic calculation based on 
the degeneracy of the elementary string states gives a non-vanishing answer for the en- 
tropy. However, one should keep in mind that the black hole solution that has vanishing 
area of the event horizon is obtained by solving the low energy equations of motion of 
string theory. These equations are valid far away from the horizon, but are expected to 
be modified near the horizon where the curvature is large. Since for these black holes 
the string coupling constant goes to zero near the horizon, the relevant corrections to be 
taken into account are the world-sheet cr-model corrections but not string loop corrections. 
Although our present technology does not allow us to calculate this correction explicitly, 



a general scaling argument was used in |T2| to determine the modified area of the event 
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horizon up to an overall numerical factor, which could not be determined from the scaling 
argument. The result agreed exactly with the microscopic entropy calculated from the 
degeneracy of elementary string states up to this overall numerical factor. This calcu- 
lation was later generalized to toroidally compactified heterotic string theory in higher 



dimensions [T^]. Further support to the identification of extremal black holes with ele- 



mentary string states was provided in |L4], [15], [LJ| [L7|, [L8[ by comparing the scattering 
involving these two sets of states. Refs. [ 15 , explicitly identified the states responsible 



for black hole degeneracy by constructing classical solutions describing oscillations of the 
underlying microscopic string. A somewhat different approach to this problem has been 



discussed in 20 



Since then great progress has been made towards understanding the microscopic origin 
of black hole entropy by comparing the Bekenstein-Hawking entropy to the microscopic 



entropy of appropriate configuration of D-branes[21] carrying the same charge as the black 



hole|22j]. The main advantage of using D-branes instead of elementary string states is that 
for an appropriate configuration of D-branes, the event horizon of the corresponding black 
hole is non-singular and has finite area. Thus the Bekenstein-Hawking entropy for these 
black holes can be calculated unambiguously, and can be compared with the corresponding 
microscopic answer obtained from the counting of states of the D-brane. The two calcula- 
tions turn out to be in exact agreement, including the overall numerical factor. Since then 
this calculation has been generalized to many other classes of black holesf23|, including 



M BlL 32, 33 



black holes in N=2 supersymmetric string theory [f24|, |25 
Much progress has also been made in extending this analysis to slightly non-extremal 
black holes @] and in providing a microscopic explanation of Hawking radiation from 
these black holes|35|, |36|, An alternative derivation of the microscopic entropy of 
these black holes has also been attempted pE], 39], [5| by mapping this problem to that of 
counting of elementary string states. 

Although these developments mark tremendous progress in our understanding of mi- 
croscopic description of black holes, they do not directly address the problem of study- 
ing the relationship between elementary string states and black holes. The results of 
1^, [T^j provide strong evidence for such a relationship, since here an explanation for the 



Bekenstein-Hawking entropy of the black hole is provided in terms of the degeneracy of 
the microscopic states of the elementary string excitations. In particular, if one could 
take into account the higher derivative terms in the string effective action to compute 
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the overall numerical constant in the expression for the Bekenstein-Hawking entropy and 
show that the result agrees with the microscopic entropy computed from the degeneracy 
of string states, it would put the correspondence on a much firmer ground. However, 
as we have already mentioned, our current technology in string theory does not per- 
mit us to do this computation. Another direction could be in extending these results 
to non-supersymmetric black holes. Some progress in this direction has been made in 
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In this paper we shall generalise the result of |L2| to more general string theories in 
four dimensions. Since for the comparison to be meaningful we need BPS states, we need 
the four dimensional theory to have at least N=2 supersymmetry. We shall focus our 
attention on the most general N=2 string compactificationP], but as we shall see, based 
on this analysis we shall also be able to make some general remark about more general 
N=4 string theories other than the ones obtained by toroidal compactification of heterotic 
string theory [|47| . 

There are several ways to get N=2 supersymmetric string theories in four dimensions. 
One class of these theories is obtained by heterotic string compactification on a conformal 
field theory with (0,4) world-sheet supersymmetry. The simplest example is heterotic 
string theory on K3 x T 2 , but more general compactifications based on asymmetric orb- 
ifolds, and other exotic conformal field theories are possible f48|, figfl . This is the class of 
theories on which we shall focus most of our attention. We can also get N=2 supersym- 
metric string theories from compactifying type II string theory on Calabi-Yau manifolds. 
But in these theories all gauge fields arise from the Ramond-Ramond sector, and as a 
result, none of the elementary string states are BPS states since they do not carry any 
Ramond-Ramond charge. Finally, we can also get N=2 supersymmetric string theories 
from asymmetric compactification of type II theories where all the space-time supersym- 
metries come from the right (or left) moving sector on the world-sheet . These theories 
do have BPS saturated elementary string states. As we shall see, the analysis for these 
theories is very similar to that for the heterotic string theories.^] 

We shall show that for the most general N=2 heterotic string compactification, the 

2 Although for N=2 supersymmetric theories the degeneracy of string states can jump discontinuously 
as we move in the moduli space p6), we shall work at weak string coupling where such phenomena are 
not expected to occur. 

3 One could also consider compactified type I theory, but the spectrum of elementary string states in 
this theory only has a limited number of BPS states associated with states carrying internal momentum. 
In particular, there are no BPS elementary string states with large degeneracy 
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Bekenstein-Hawking entropy of an extremal electrically charged black hole agrees with 
the microscopic entropy calculated from the degeneracy of elementary string states up to 
an overall undetermined numerical factor, in a manner identical to that in the case of 
toroidally compactified heterotic string theory. More importantly, we shall show that the 
computation of this overall numerical factor in the N=2 theories is independent of the 
details of the compactification and is identical to that in the case of toroidally compactified 
heterotic string theory. In other words if one is able to compute this factor for the 
toroidally compactified heterotic string theory and show precise agreement between the 
Bekenstein-Hawking entropy and the microscopic entropy for this theory, then it also 
guarantees precise agreement bewtween the two entropies in all N=2 supersymmetric 
heterotic compactification. The same result holds for non-toroidal N=4 supersymmetric 
heterotic string compactification discussed in |51] . 



A similar story is repeated for type II string compactification. For any four dimensional 
type II string compactification with at least two supersymmetries coming froim the right- 
moving sector of the world-sheet, — toroidal compactification with N=8 supersymmetry, 
symmetric or asymmetric compactification with N=4 supersymmetry, or asymmetric N=2 
supersymmetric compactification — the microscopic entropy associated with elementary 
BPS saturated type II string states agrees with the Bekenstein-Hawking entropy of the 
corresponding extremal black hole up to an overall numerical constant. This constant is 
again identical in all of these type II string compactifications. However it is different from 
the corresponding constant in the heterotic string compactification. This is just as well, 
since the required value of this constant for exact agreement between the two entropies 
is different in type II and heterotic string theories, due to different pattern of growth of 
the number of states with energy in the two theories. 

2 Black Hole Entropy 

At tree level, the massless bosonic field content in the most general heterotic string com- 
pactification to four dimensions with N=2 supersymmetry at a generic point in the moduli 
space is the metric g^, (r + 2) U(l) gauge fields A^' (0 < fi < 3, 1 < a < (r + 2)) and 
2r + 2 scalars locally parametrizing the moduli space [E5L K31 B3, BR ER, |57f: 



SO(2, r) „ SL(2, R) 



SO(2) x SO(r) U(l) 
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The scalars labelling the first coset may be represented by an (r + 2) x (r + 2) matrix M 
satisfying, 



M T = M, MLM T = L , (2) 



where 



(3) 



I n denotes n x n identity matrix. The second coset is labelled by a complex scalar A 
taking value in the upper half plane: 



A = Ai + i\ 2 = a + ie~ 



(4) 



where a is the axion field obtained by dualizing the rank two antisymmetric tensor field, 



and $ is the dilaton field. This moduli space gets modified by quantum corrections [p5j p6 



but since the string coupling vanishes at the black hole horizon, we shall not need to con- 
sider these corrections. There may also be massless scalars belonging to the hypermultiplet 
but they will play no role in our discussion, since in constructing the black hole solution 
we shall set these hypermultiplet fields to zero. The tree level low energy effective action 
involving the metric and the vector multiplet fields A^\ M and A is given by, 



S 



1 



32tt 



-9 
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-\ 2 gW'g™'F$(LML) ab FZ + -X^g)- 1 e^»°F$L ab F$ 



(5) 



where Ff£) is the field strength associated with Affi and R is the Ricci scalar. Our 
normalization conventions ar< 
the SO(2,r) transformation: 



normalization conventions are identical to those in [O, |58| . This action is invariant under 



where Q is an (r + 2) x (r + 2) matrix satisfying 

nm T = l . 



A -> A, 



(6) 



(7) 



The equations of motion are also invariant under an SL(2,R) transformation [58 



The form of the action (|^) is dictated to a large extent by the local N = 2 supersym- 
metry of the theory [|57|. Note that this action is the restriction of the 50(6, 22) invariant 
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effective action|59|, Q for heterotic string theory on T 6 to a subspace where the 5*0(6, 22) 
matrix M is restricted to take value in an SO(2,r) subgroup, and the 28 gauge fields in 
the vector representation of 5*0(6,22) are restricted to lie in the subspace transforming 
in the vector representation of 50(2, r). However, there is a much more powerful result 
relating these two effective actions that we shall need. In general both, the action of 
the toroidally compactified heterotic theory and that of the N=2 supersymmetric the- 
ory, will receive higher derivative corrections even at the string tree level. These can be 
viewed as coming from higher loop contribution to the /3-function of the corresponding 



cr-model[^, |6T|, or, equivalently, from order a' and higher order corrections to the tree 
level string 5-matrix elements. It turns out that even after these higher derivative terms 
are included, the tree level effective action involving the metric and the vector multiplet 
fields of the N=2 supersymmetric heterotic string theory is given by the restriction of 
the tree level effective action of the corrsponding toroidally compactified heterotic string 
theory. 

This can be seen as follows. The (r + 2) vector fields in the N=2 theory are associated 
with two right-moving £7(1) super-currents (j a (z), J a {z)) (1 < a < 2) and r left moving 
£7(1) currents J l {z) (3 < i < (r + 2)).Q Here j a , J a and J 1 have dimensions (0, |), (0, 1) 
and (1, 0) respectively. Let and ^ denote respectively the bosonic coordinates and 
their right-handed superpartners associated with the non-compact directions. Then the 
vertex operators of the (r + 2) vector fields in the —1 representation^, ^] are given 
by H, H, |5f: 

= e-' t 'j a (z)dX^(z)e ik - x , 
V% = e-VW^)e ifc - X , (8) 

where <ft is the bosonized super-ghost. The same vertex operators in the representation 
are given by 

V afl = J a (z)dX»(z)e ik - x , 

Vtf" = (dX»{z)+ik-iP{z)^{z))J l {z)e ik - x (9) 

The vertex operators of the 2r scalars parametrizing the coset 50(2, r) / (50(2) x 50(r)) 
in the —1 picture are: 

= e-*j a (z).r(z)e tk - x . (10) 

4 In our convention the world-sheet and hence space-time supersymmetry is in the right-hand sector. 
Also the right-handed currents are holomorphic. 
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The same vertex operators in the picture are: 

V ai = [j a {z)+ik-i){z)3 a {z))j l {z)e lk - x . (11) 

Finally the vertex operators for the metric and the scalars A in both —1 and picture 
are constructed solely in terms of the world-sheet fields X M , ip^ and their derivatives, and 
the (super-)ghost fields. 

The tree level S-matrix involving the metric and the particles in the vector multiplet are 
computed from the correlation functions of various combinations of these vertex operators 
on the sphere. As can be seen from the structure of the vertex operators, these correlation 
functions are completely independent of the details of the conformal field theory describing 
this compactification. The correlators of operators constructed from X and ip of course 
are manifestly independent of this conformal field theory. But on the sphere, even the 
correlators of j a , J a and J 1 are determined solely from the U(l) (super-) current algebra 
and hence are insensitive to the details of the conformal field theory. Note that this 
argument does not assume that these (super-) currents are decoupled from the rest of 
the conformal field theory. In particular there may be non-trivial correlation between the 
U(l) charges carried by a state and the vertex operator representing it in the rest of the 
conformal field theory. These states affect the correlation function of the currents on the 
torus and the higher genus Riemann surfaces, but not on the sphere. 

Note in particular that vertex operators with identical structure and correlation func- 
tions exist in toroidally compactified heterotic string theory as well. In heterotic string 
theory on T 6 , we can take the right-moving U(l) supercurrents (j a , J a ) to be two of the 
six right-moving supercurrents, and the left-moving U(l) currents J 1 to be the r of the 22 
left-moving U(l) currents in this world-sheet theory. The S'-matrix elements and hence 
the effective action involving these restricted set of fields will be insensitive to the fact that 
we now have a toroidal compactification instead of N = 2 supersymmetric compactifica- 
tion, and hence will yield the same answer. This shows that in an N = 2 supersymmetric 
heterotic compactification, the tree level S'-matrix, and hence the effective action involv- 
ing the metric and the vector multiplet fields is independent of the choice of the internal 
conformal field theory, and is given by an appropriate restriction of the full tree level 
effective action of the toroidally compactified heterotic string theory. 

Given this result, we proceed as follows. Since the effective action of the N=2 theory 
is the restriction of the effective action of the N=4 theory, the electrically charged black 
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hole solutions in the N=2 theory are simply the corresponding black hole solutions in the 
N=4 theory with appropriate restriction on the charge. In this case since there are (2 + r) 
U(l) gauge fields, we have a (2 + r) dimensional charge vector Q^ a \ As in |12] we define 
the left and the right-handed components of the charge as: 

Ql = ^ a \L(M)L + L) ab Q^, 

Ql = 1 -Q^(L(M)L-L) ab Q ( ~ b \ (12) 

where ( ) denotes the asymptotic value of a field in the presence of a black hole. The BPS 
condition requires^: 

m 2 = Q 2 R /8g 2 , (13) 
where m is the ADM mass of the black hole, and g is the string coupling constant. 



Arguments identical to that in ref. |12| give the following expression for the string modified 



Bekenstein-Hawking entropy of the black hole: 

2ixC 



S 



BH 



o 2 

m 2 - -% (14) 



\ III — ~ 

g \ 8g 2 



Here C is the undermined numerical constant alluded to before. The computation of C 
involves the higher derivative terms in the effective action at the string tree level, but not 
string loop corrections, since the string coupling constant vanishes as we approach the 
horizon. Since these higher derivative terms are identical to the ones in the toroidally 
compactified heterotic string theory, we conclude that the numerical constant C must 
also be identical to that in heterotic string theory on T 6 . 

We now need to compute the microscopic entropy by counting the degeneracy of 
the BPS saturated elementary string states with the same quantum number. In the 
normalization convention used in [T2j the NS sector mass formula for an elementary 



string states carrying charge Q is given by: 

Ql 9 2 fQ 2 



8g 2 8^ g 4 > ' 



where A represents the matter contribution to Lq other than the contribution due to the 
zero modes of J 1 , dX^. (In a toroidal compactification A would represent the oscillator 

5 This condition is modified by string loop corrections, but we shall work at weak coupling where this 
relation is valid. 
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contribution to L ). We need to calculate the degeneracy d of such states for large A. 
This can be done following the procedure developed in |66|, |67|, ^2] and the answer is: 



d ~ exp (2?ry , (16) 

where is the total central charge of the left-handed part of the conformal field theory. 
If we work in the light-cone gauge so that all states are physical, we have 

c L = 24. (17) 

This gives the following expression for the microscopic entropy: 

S micro = lnrf ~ AtT^ 



\ III 

9 \ 8g* 



2 

m z 



where we have used eq. (p~5|) and the approximation A >> 1. This is again identical to 



the expression for the microscopic entropy in heterotic string theory on T . ([T8|) and ( |i~4|) 
agree if, 

C = 4. (19) 



This is the same condition found in [12] for the agreement between the Bekenstein- 
Hawking entropy and the microscopic entropy for heterotic string theory on T 6 . Thus 
we see that the criteria that guarantees the agreement between microscopic and the 
Bekenstein-Hawking entropy for electrically charged black holes in heterotic string theory 
on T 6 also guarantees similar agreement for N=2 supersymmetric compactification of the 
heterotic string theory. 

From this discussion it is clear that the same analysis can also be extended to more 
general N=4 supersymmetric compactifications of the heterotic string theory described in 
|y]]. The relevant part of the tree level effective action in these theories will be given by 
an appropriate restriction of the tree level effective action of heterotic string theory on T 6 . 
Thus the Bekenstein-Hawking entropy of these black holes will again be given by (|i"4f) with 
the same constant C. Furthermore the microscopic entropy computed from the degeneracy 



of BPS states with a given set of charges is also given by the same formula (18). Thus 



demanding the agreement between the microscopic entropy and the Bekenstein-Hawking 



entropy gives us back the same equation fll9"l) . 



It is now also clear how to extend this analysis to type II compactification. In this 
case the 'parent' theory will be type II string theory on T 6 . Since the elementary string 



10 



states carry only NS sector charges, we can restrict our attention to the effective action 
involving NS sector bosonic fields only. The low energy effective action is given by (El) 
with M representing an 0(6,6) matrix. There are higher derivative corrections to this 
action at the string tree level. These corrections are different from those in the heterotic 
string theory, since in this case there is local world-sheet supersymmetry in both the left 
and the right sector, and hence the vertex operators are constructed from superfields in 
both these sectors. This would modify the answer for the Bekenstein-Hawking entropy 
for an electrically chaged black hole to[] 



27TC" 



™ 2 - ^4 , (20) 



A lib 

9 \ Sg 

where C is a new numerical constant. This is just as well, since the computation of the 
microscopic entropy in this theory also differs from that in the heterotic string theory. In 
particular, cl appearing in eq . (|16D now takes the value 

cl = 12, (21) 

reflecting the contribution from the eight bosonic and eight fermionic world-sheet fields 
in the light-cone gauge. This gives, 



S micro ' \ "' 

g \ %g 



m 2 - ^| . (22) 



Agreement between (|20|) and (22 ) now requires 

C' = 2V2. (23) 

Consider now any other compactification of the type II theory. Following the same argu- 
ment as in the heterotic case, we see that the full tree level effective action involving the 
metric, and the NS sector vectors and scalars constructed from the U(l) super-currents 
will be given by a restriction of the tree level effective action of type IIB on T 6 . Thus 
the Bekenstein-Hawking entropy of an electrically charged BPS black hole will be given 
by an expression identical to (p0|), with the same constant C. On the other hand the 
computation of the microscopic entropy also proceeds in an identical manner, with cl 
given by 12 in each case. Thus the same equation ( Effi) guarantees the agreement between 
the Bekenstein-Hawking entropy and the microscopic entropy in all cases. 

6 Here we are considering states which break all space-time supersymmetries coming from the left- 
moving sector of the world-sheet, and half of the supersymmetries coming from the right-moving sector. 
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3 Conclusion 



In this paper we have generalised the analysis of refs. [12, [L3| to black holes in more general 
heterotic and type II string theories in four dimensions with at least N=2 supersymmetry. 
We have shown that in each case, the black hole entropy calculated from the string 
modified area of the event horizon agrees with the microscopic entropy calculated from 
the degeneracy of elementary string states, up to an overall numerical factor. Furthermore, 
we find that this numerical constant is universal in all heterotic string compactifications, 
and also in all type II compactifications. This means that if this constant has the correct 
value in one heterotic compactification, then it will automatically have the correct value 
for all heterotic string compactification. A similar result holds for type II compactification. 

The explicit computation of this constant remains a problem for the future. The 
relevant cr-models describing the conformal field theory near the event horizon are the 



chiral null models discussed in [BS|. But in order to compute the coefficient from these 
chiral null models one needs an abstract definition of the area of the event horizon in 
terms of the two dimensional conformal field theory describing string propagation in a 
black hole background. Such a definition is lacking at this moment. 

In particular, there is a specific choice of metric such that the area of the event horizon, 



measured in this metric, remains zero to all orders in the cr-model loop expansion |68||. But 
there is no reason to believe that this is the metric that we should be using in computing 
the area of the event horizon while calculating the entropy. On the other hand, if we 
insist on working with this metric, then there is no reason to believe that the relationship 
between the entropy and the area of the event horizon does not get modified by higher 
loop terms in the cr-model. 
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